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CONFORMAL DEFORMATIONS PRESERVING THE FINSLERIAN
R-EINSTEIN CRITERION
SERGE DEGLA, GILBERT NIBARUTA, AND LE´ONARD TODJIHOUNDE
ABSTRACT. Given a Finslerian metric F on a C4-manifold, conformal deforma-
tions of F preserving the R-Einstein criterion are presented. In particular, locally
conformal invariance between two Finslerian R-Einstein metrics is characterized.
1. INTRODUCTION
Let F be a Finslerian metric on an n-dimensional manifoldM . One of the most
interesting problems is to study the conformal invariance of some important geo-
metric quantities associated with F [3]. For example, we have the Liouville trans-
formation that is a conformal deformation which preserves the Finslerian Ricci ten-
sor [18]. It is known that Einstein metrics play an important role in conformal
geometry (see [5, 7, 12]). However, little work has been done on the conformal
deformations between Einstein metrics of type Finslerian. In 2013, Zhang Xiao-
ling [22] has shown that conformal deformations between Einstein metrics of type
Randers must be homothetic.
The main objective of the present work is to study the conformal deformations
preserving the R-Einstein criterion. In particular, we classify locally conformal
deformations between two Finslerian R-Einstein metrics.
The sections 2 and 3 review the main notions on global Finslerian R-Einstein
spaces introduced in [10]. In the Section 4, we prove our main results given by the
Proposition 4.3 and, established in the Theorem 4.7 and the Corollary 4.8. This is
concluded by an example given in Section 5.
2. PRELIMINARIES
Throughout this work, all manifolds and mappings are supposed to be differen-
tiable of classe C4. LetM be an n−dimensional manifold. We denote by TxM the
tangent space at x ∈ M and by TM :=
⋃
x∈M TxM the tangent bundle of M . Set
T˚M = TM\{0} and pi : TM −→ M : pi(x, y) 7−→ x the natural projection. Let
(xi)i=1,...,n be a local coordinate on an open subset U ofM and (x
i, yi)i=1,...,n be the
local coordinate on pi−1(U) ⊂ TM . We have the coordinate bases { ∂
∂xi
}i=1,...,n and
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{dxi}i=1,...,n respectively, for the tangent bundle TM and cotangent bundle T
∗M .
We use Einstein summation convention.
Definition 2.1. A Finslerian metric on M is a function F : TM −→ [0,∞) with
the following properties:
(1) F is C∞ on the entire slit tangent bundle T˚M ,
(2) F is positively 1-homogeneous on the fibers of TM , that is
∀c > 0, F (x, cy) = cF (x, y),
(3) the Hessian matrix (gij(x, y))1≤i,j≤n with elements
gij(x, y) :=
1
2
∂2F 2(x, y)
∂yi∂yj
(2.1)
is positive definite at every point (x, y) of T˚M .
Remark 2.2. F (x, y) 6= 0 for all x ∈M and for every y ∈ TxM\{0}.
Consider the tangent mapping pi∗ of the submersion pi : T˚M −→ M . The vertical
subspace of T T˚M is defined by V := ker(pi∗) which is locally spanned by the set
{F ∂
∂yi
, 1 ≤ i ≤ n}, on each pi−1(U) ⊂ T˚M .
An horizontal subspace H of T T˚M is by definition any complementary to V .
The bundlesH and V give a smooth splitting
T T˚M = H⊕ V. (2.2)
An Ehresmann connection is a selection of a horizontal subspace H of T T˚M . As
explain in [11],H can be canonically defined from the geodesics equation.
Definition 2.3. Let pi : T˚M −→M be the submersion.
(1) An Finslerian Ehresmann connection of pi is the subbundleH of T T˚M given
by
H := kerθ, (2.3)
where θ : T T˚M −→ pi∗TM is the bundle morphism defined by
θ =
∂
∂xi
⊗
1
F
(dyi +N ijdx
j). (2.4)
(2) The form θ : T T˚M −→ pi∗TM induces a linear map
θ|(x,y) : T(x,y)T˚M −→ TxM, (2.5)
for each point (x, y) ∈ T˚M; where x = pi(x, y).
The vertical lift of a section ξ of pi∗TM is a unique section v(ξ) of T T˚M
such that for every (x, y) ∈ T˚M ,
pi∗(v(ξ))|(x,y) = 0(x,y) and θ(v(ξ))|(x,y) = ξ(x,y). (2.6)
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(3) The differential projection pi∗ : T T˚M −→ pi
∗TM induces a linear map
pi∗|(x,y) : T(x,y)T˚M −→ TxM, (2.7)
for each point (x, y) ∈ T˚M; where x = pi(x, y).
The horizontal lift of a section ξ of pi∗TM is a unique section h(ξ) of T T˚M
such that for every (x, y) ∈ T˚M ,
pi∗(h(ξ))|(x,y) = ξ(x,y) and θ(h(ξ))|(x,y) = 0(x,y). (2.8)
Definition 2.4. A tensor field T of type (p1, p2; q) on (M,F ) is a mapping
T : pi∗TM ⊗ ...⊗ pi∗TM︸ ︷︷ ︸
p1−times
⊗T T˚M ⊗ ...⊗ T T˚M︸ ︷︷ ︸
p2−times
−→
q⊗
pi∗TM,
(
p1, p2 and q ∈ N
)
which is C∞(T˚M,R) -linear in each argument.
Remark 2.5. In a local chart,
T = T
k1...kq
i1...ip1j1...jp2
∂k1 ⊗ ...⊗ ∂kq ⊗ dx
i1 ⊗ ...⊗ dxip1 ⊗ εj1 ⊗ ...⊗ εjp2
where {∂kr :=
∂
∂xkr
}r=1,...,q and {ε
js}s=1,...,p2 are respectively the basis sections for
pi∗TM and T T˚M .
Example 2.6. (1) A vector field X on T˚M is of type (0, 1; 0).
(2) A section ξ of pi∗TM is of type (1, 0; 0).
The following lemma defines the Chern connection on pi∗TM .
Lemma 2.7. [11] Let (M,F ) be a Finslerian manifold and g its fundamental ten-
sor. There exist a unique linear connection∇ on the bundle pi∗TM such that, for all
X, Y ∈ χ(T˚M) and for every ξ, η ∈ Γ(pi∗TM), one has the following properties:
(i) Symmetry:
∇Xpi∗Y −∇Y pi∗X = pi∗[X, Y ],
(ii) Almost g-compatibility:
X(g(ξ, η)) = g(∇Xξ, η) + g(ξ,∇Xη) + 2A(θ(X), ξ, η),
where A := F
2
∂gij
∂yk
dxi ⊗ dxj ⊗ dxk is the Cartan tensor.
One has∇ δ
δxj
∂
∂xk
= Γijk
∂
∂xi
, Γijk :=
1
2
gil
(
δgjl
δxk
+ δglk
δxj
−
δgjk
δxl
)
where{
δ
δxi
:= ∂
∂xi
−N ji
∂
∂yj
= h( ∂
∂xi
)
}
i=1,...,n
with N ij = Γ
i
jky
k.
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3. FINSLERIAN R-EINSTEIN METRICS
3.1. First curvatures R associated with the Chern.
Definition 3.1. The full curvature of a linear connection ∇ on the vector bundle
pi∗TM over the manifold T˚M is the application
φ :
χ(T˚M)× χ(T˚M)× Γ(pi∗TM) → Γ(pi∗TM)
(X, Y, ξ) 7→ φ(X, Y )ξ = ∇X∇Y ξ −∇Y∇Xξ −∇[X,Y ]ξ.
By the relation (2.2), we have
∇X = ∇Xˆ +∇Xˇ , (3.1)
where X = Xˆ + Xˇ with Xˆ ∈ Γ(H) and Xˇ ∈ Γ(V).
One can define the full curvature of∇ by the following formula:
Φ(ξ, η,X, Y ) = g(φ(X, Y )ξ, η)
= g(φ(Xˆ, Yˆ )ξ + φ(Xˆ, Yˇ )ξ + φ(Xˇ, Yˆ )ξ + φ(Xˇ, Yˇ )ξ, η)
= R(ξ, η,X, Y ) + P(ξ, η,X, Y ) +Q(ξ, η,X, Y ),
whereR(ξ, η,X, Y ) = g(φ(Xˆ, Yˆ )ξ, η),P(ξ, η,X, Y ) = g(φ(Xˆ, Yˇ )ξ, η)+g(φ(Xˇ, Yˆ )ξ, η)
and Q(ξ, η,X, Y ) = g(φ(Xˇ, Yˇ )ξ, η) are respectively the first (horizontal) curva-
ture, mixed curvature and vertical curvature.
In particular, if∇ is the Chern connection, the Q-curvature vanishes.
3.2. R-Einstein metric. With respect to the Chern connection, we have:
Definition 3.2. (1) The horizontal Ricci tensor RicHF and the horizontal scalar
curvature ScalHF of (M,F ) are respectively defined by
Ric
H
F (ξ,X) :=
n∑
a=1
R(ξ, ea, X, eˆa)
and
Scal
H
F :=
n∑
a=1
Ric
H
F (ea, eˆa) =
n∑
a,b=1
R(ea, eb, eˆa, eˆb).
(2) A Finslerian metric F on an n-dimensional manifold is R-Einstein if
Ric
H
F =
1
n
Scal
H
F g. (3.2)
Remark 3.3. If F satisfies (3.2) for a constant function ScalHF (respectively for
Scal
H
F ≡ 0) then F is said to be horizontally Ricci-constant (respectively, F is
called horizontally Ricci-flat metric).
Lemma 3.4. [10] If F is horizontally an Einstein metric on a connected manifold
of dimension n ≥ 3 then its horizontal scalar curvature ScalHF is constant.
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4. FINSLERIAN R-EINSTEIN CONFORMAL INVARIANCE
Definition 4.1. Let F and F˜ be two conformal Finslerian metrics on a manifoldM ,
with F˜ = euF . A geometric object O associated with F is said to be conformally
invariant (respectively conformally u-invariant) if the object O˜ associated with F˜
satisfies O˜ = O. (respectively, O˜ = euO).
Proposition 4.2. [18] Let F and F˜ be two Finslerian metrics on an n-dimensional
manifoldM . If F is conformal to F˜ , with F˜ = euF , then the trace-free horizontal
Ricci tensors EHF and E˜
H
F˜ , associated with F and F˜ respectively, are related by
E˜
H
F˜ = E
H
F − (n− 2) (Hu − du ◦ du)−
(n− 2)
n
(
∆Hu+ ||▽u||2g
)
g + Ψu (4.1)
where Ψu is the (1, 1; 0)-tensor on (M,F ) given by
Ψu(ξ,X) := (n− 4)A(B(h(▽u), pi∗X, ξ))
+(2− n)
[
A(▽u,B(X), ξ) +A(▽u, pi∗X,B(h(ξ)))
]
+
1
n
gij
[
2(n− 2)A(▽u, ∂i,B(∂ˆj)))− 3A(B(h(▽u), ∂j, ∂i))
]
g(ξ, pi∗X)
+gij
[
g
(
Θ(X, h(Θ(∂ˆj , h(ξ)))), ∂i
)
− g
(
Θ(∂ˆj , h(Θ(X, h(ξ))), ∂i
) ]
+gij
[
g
(
(∇XΘ)(∂ˆj , h(ξ)), ∂i
)
− g ((∇jΘ)(h(ξ), X), ∂i)
]
−
1
n
gijgkl
[
A(B(h(Θjk), ∂l, ∂i))−A(B(h(Θkl), ∂j, ∂i))
]
g(ξ, pi∗X)
−
1
n
gijgkl
[
g ((∇lΘ)jk, ∂i)− g ((∇jΘ)kl, ∂i)
]
g(ξ, pi∗X), (4.2)
for every ξ ∈ Γ(pi∗TM) and X ∈ χ(T˚M) with Θij = Θ(∂ˆi, ∂ˆj) and B is the
application which maps pi∗TM to pi∗TM given by
B = Bij∂i ⊗ dx
j (4.3)
with
Bij =
1
2F
(∇ru)
∂(F 2gir − 2yiyr)
∂yj
. (4.4)
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By the Proposition 4.2, if F and F˜ are conformal then the R-Einstein criterions
EHF and E˜
H
F˜ satisfy the relation (4.1). In a local chart, if E
H
F = E˜
H
F˜ then we have
0 =
[
− (n− 2) (Hu − du ◦ du)−
(n− 2)
n
(
∆Hu+ ||▽u||2g
)
g
]
(∂i, ∂ˆj)
+(2− n)
[
A(▽u,B(∂ˆj), ∂i) +A(▽u, pi∗∂ˆj ,B(h(∂i)))
]
+(n− 4)A(B(h(▽u), pi∗∂ˆj , ∂i))
+
1
n
gkl
[
2(n− 2)A(▽u, ∂k,B(∂ˆl)))− 3A(B(h(▽u), ∂l, ∂k))
]
g(∂i, pi∗∂ˆj).
+gij
[
g
(
Θ(∂ˆj , h(Θ(∂ˆl, h(∂i)))), ∂k
)
− g
(
Θ(∂ˆj , h(Θ(∂ˆl, h(∂i))), ∂k
) ]
+gkl
[
g
(
(∇jΘ)(∂ˆl, h(∂i)), ∂k
)
− g
(
(∇lΘ)(h(∂i), ∂ˆj), ∂k
) ]
−
1
n
grsgkl
[
A(B(h(Θsk), ∂l, ∂r))−A(B(h(Θkl), ∂s, ∂r))
]
gij
−
1
n
grsgkl [g ((∇lΘ)sk, ∂r)− g ((∇sΘ)kl, ∂r)] gij. (4.5)
By (4.3), we have B(∂ˆl) = B
s1
l ∂s1 where B
s1
l =
1
2F
(∇ru)
∂(F 2gs1r−2ys1yr)
∂yl
and
B(h(▽u)) = ∇luBs1l ∂s1 . Thus, from (4.5), we have
I11 = (2− n)
[
A(▽u,B(∂ˆj), ∂i) +A(▽u, pi∗∂ˆj ,B(h(∂i)))
]
+(n− 4)A(B(h(▽u), pi∗∂ˆj , ∂i))
= (n− 4)∇s2uBs1s2As1ij − (n− 2)
(
∇s2uBs1i As1js2 +∇
s2uBs1j As1is2
)
,
I12 =
1
n
gkl
[
2(n− 2)A(▽u, ∂k,B(∂ˆl)))− 3A(B(h(▽u), ∂l, ∂k))
]
gij
= −
1
n
gkl∇s2u
[
− 3Bs2s1As1kl + 3Bks1As1ls2 − (2n− 1)Bks1As1ls2
]
gij,
I13 = −
1
n
grsgkl [A(B(h(Θsk), ∂l, ∂r))−A(B(h(Θkl), ∂s, ∂r))] gij,
I14 = g
kl
[
g
(
Θ(∂ˆj , h(Θ(∂ˆl, h(∂i)))), ∂k
)
− g
(
Θ(∂ˆl, h(Θ(∂ˆj , h(∂i))), ∂k
)]
=
1
n
gklgrsgij
[
g
(
Θ(∂ˆs, h(Θ(∂ˆl, h(∂r)))), ∂k
)
− g
(
Θ(∂ˆl, h(Θ(∂ˆs, h(∂r))), ∂k
)]
= −I13,
I15 = −
1
n
grsgkl [g ((∇lΘ)sk, ∂r)− g ((∇sΘ)kl, ∂r)] gij,
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I16 = −
1
n
grsgkl [g ((∇lΘ)sk, ∂r)− g ((∇sΘ)kl, ∂r)] gij
= gkl[
1
n
gt1t2g
t1t2 ][git1g
rt1gjt2g
st2] [g ((∇sΘ)lr, ∂k)− g ((∇lΘ)rs, ∂k)]
= −I15.
Hence, putting the expressions of I11, I12, I13, I14, I15 and I16 in the right-hand side
of (4.5) we obtain the equation in (4.6) given in the following Proposition.
Proposition 4.3. Let F and F˜ be two conformal Finslerianmetrics on an n-dimensional
manifold M , with F˜ = euF . Then (M,F ) and (M, F˜ ) have locally a same R-
Einstein criterion if and only if
∇j∇iu =
1
n
(
∇d∇du−∇
du∇du
)
gij +∇iu∇ju
+
(n− 1)
2n(n− 2)F
(∇ru∇
qu)
∂(F 2grs − 2yrys)
∂yq
gklAsklgij. (4.6)
4.1. Warped product of Finslerianmetrics. Let

M and

M be twoC∞ manifolds.
For every (x1, x2) ∈

M ×

M , we have the following properties.
(1) The projections

p :

M ×

M−→

M such that

p (x1, x2) = x1

p :

M ×

M−→

M such that

p (x1, x2) = x2
are C∞ submersions.
(2) dim(

M ×

M) = dim

M +dim

M .
The warped product manifold of two Finslerian manifolds is defined as follows.
Definition 4.4. Let (

M,

F ) and (

M,

F ) be two Finslerian manifolds. Let f be
a positive C∞ function on

M . The warped product of (

M,

F ) and (

M,

F ) is a
manifoldM =

M ×f

M equipped with the Finslerian metric
F : T˚

M ×T˚

M−→ R
+ (4.7)
such that for any vector tangent y ∈ TxM , with x = (x1, x2) ∈M and y = (y1, y2),
F (x, y) =
√

F 2 (x1,

p
∗ y) + f 2(

p (x1, x2))

F 2 (x2,

p
∗ y) (4.8)
where

p and

p are respectively the projections of

M ×

M onto

M and

M .
The functionF defined in (4.7) and (4.8) is a Finslerian manifold. More precisely,
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(i) F is C∞ on T˚

M ×T˚

M since

F and

F are respectively C∞ on T˚

M and
T˚

M .
(ii) F is homogeneous of degree 1 in y = (y1, y2) ∈ TxM .
(iii) If n1 and n2 are respectively the dimensions of (

M,

F ) and (

M,

F ), each el-
ement of the Hessian matrix (gij(x, y))1≤i,j≤n1+n2 of
1
2
F 2, has the following
form:
gij(x, y) :=
∂2
[
1
2
F 2(x, y)
]
∂yi∂yj
=
1
2
∂2

F 2 (x1, y1)
∂yi1∂y
j
1
+
1
2
f 2(x1)
∂2

F 2 (x2, y2)
∂yi2∂y
j
2
.
for every point (x, y) = (x1, x2, y1, y2) ∈ T˚

M ×T˚

M . Thus,(
gij(x, y)
)
=
( ( 
gij (x1, y1)
)
0
0
( 
gij (x2, y2)
) ) (4.9)
where

gij (x1, y1) :=
1
2
∂2

F 2(x1,y1)
∂yi
1
∂y
j
1
and

gij (x2, y2) :=
1
2
f 2(x1)
∂2

F 2(x2,y2)
∂yi
2
∂y
j
2
. So
the Hessian matrix of F is positive definite at every point (x1, x2, y1, y2) ∈
T˚

M ×T˚

M because the Hessian matrices of

F and

F are.
4.2. Curvatures associated with warped product Finslerian metrics.
Proposition 4.5. Let (

M,

F ) and (

M,

F ) be two Finslerianmanifolds. On a warped
product manifold M =

M ×f

M , if

ξ∈ Γ(

pi∗ T

M),

ξ∈ Γ(

pi∗ T

M) and

X∈ χ(T˚

M) then
(i) ∇ 
X

ξ=

∇ 
X

ξ where

∇ is the Chern connection associated with (

M,

F ).
(ii) ∇ 
X

ξ= 1
f

X (f)

ξ.
As a direct consequence, we have
Corollary 4.6. Let (

M,

F ) and (

M,

F ) be two Finslerian manifolds. On a warped
product manifold M =

M ×f

M , if

ξ,

η∈ Γ(

pi∗ T

M),

X,

Y ∈ χ(T˚

M) and

X∈ χ(T˚

M) then
(i) R(

ξ,

η,

X,

Y ) =

R (

ξ,

η,

X,

Y ).
(ii) R(

ξ,

η,

X,

Y ) = 0.
CONFORMAL DEFORMATIONS PRESERVING THE FINSLERIAN R-EINSTEIN CRITERION 9
4.3. Main results. We prove the following.
Theorem 4.7. Let F and F˜ be two Finslerianmetrics on a manifoldM of dimension
n ≥ 3. A conformal deformation F˜ of F , with F˜ = ϕ−1F , preserves theR-Einstein
criterion if and only if :
(1) ϕ is constant ifM is (locally) closed with R˜ic
H
F˜ = Ric
H
F .
(2) ϕ is everywhere non-constant in a neighborhood U of a point x ∈ M if
(M,ϕ−1F ) is a Finslerian cylinder of the form
(
(0, ε)×

M,
√
t2 + (ϕ′(t))2

F
2)
,
with ϕ depending only on t ∈ (0, ε).
Proof. Let F˜ := euF with eu = ϕ−1 be a conformal deformation of F . We can
show that, for the conformal factor ϕ, the equation (4.6) takes the form ∇j∇iϕ =
fgij for some f ∈ C
∞(T˚M,R). Precisely, we have
∇j∇iϕ =
1
n
[
∇d∇dϕ−
(n− 1)
2(n− 2)F
(∇rϕ∇
qϕ)
∂(F 2grs − 2yrys)
∂yq
gklAskl
]
gij
= fgij (4.10)
where f := 1
n
[
∇d∇dϕ−
(n−1)
2(n−2)F
(∇rϕ∇
qϕ) ∂(F
2grs−2yrys)
∂yq
gklAskl
]
.
(1) If F˜ = ϕ−1F on U ⊆M closed and R˜ic
H
F˜ = Ric
H
F then E˜
H
F˜ = E
H
F . As shown
in [18], ϕ is constant.
Conversely, set ϕ = e−u. If ϕ is constant then from the Proposition 4.2, E˜
H
F˜ =
EHF .
(2) Define ϕ : (0, ε)×

M−→ (0,∞) by ϕ(t, p) = ϕ(t). Then
▽ϕ = ∇tϕ∂t (4.11)
and
∇t▽ϕ
(4.11)
= ∇t∇tϕ∂t +∇tϕ∇t∂t = ϕ¨∂t. (4.12)
The relation (4.12) shows that ∇t∇tϕ = ϕ¨(t)gtt.
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Now we show that ∇α∇βϕ = f

gαβ for α, β = 1, ..., n− 1. We have
∇α▽ϕ
(4.11)
= ∇αϕ˙(t)∂t
= ϕ˙∇α∂t
= ϕ˙
n∑
i=1
Γiαn∂i, t = t
n
= ϕ˙
n∑
i=1
{
1
2
n∑
l=1
[
gil
(
δgαl
δxn
+
δgnl
δxα
−
δgαn
δxl
)
∂i
]}
=
1
2
ϕ˙
n∑
l=1
{[
gln
(
δgαl
δxn
+
δgnl
δxα
−
δgαn
δxl
)
∂n
]
+
n−1∑
β=1
[
glβ
(
δgαl
δxn
+
δgnl
δxα
−
δgαn
δxl
)
∂β
]}
. (4.13)
Since gαn = 0 =
δgnl
δxα
, we obtain from relation (4.13)
∇α▽ϕ =
1
2
ϕ˙
n∑
l=1
[
glβ
(
δgαl
δxn
)
∂β
]
=
1
2
ϕ˙
{
1
ϕ˙2

g
lβ
[
∂(ϕ˙2

gαl)
∂t
]
∂β
}
= ϕ¨∂α. (4.14)
That is ∇α∇βϕ = ϕ¨

gαβ , α, β = 1, ..., n.
Conversely, if ϕ is everywhere non-constant on (M,F ) and if (M, F˜ ) is a Fins-
lerian cylinder of the form
(
(0, ε)×

M,
√
t2 + (ϕ′(t))2

F
2)
then the equation
(4.10) holds. It follows from the Proposition 4.2 and by setting eu = ϕ−1 that
E˜
H
F˜ = E
H
F . 
Thus, we claim.
Corollary 4.8. A Finslerian R-Einstein space (M,F ) is locally conformal to an
other R-Einstein space (M, F˜ ), with F˜ = ϕ−1F , if and only if
(1) the conformal factor is constant ifM is (locally) closed with R˜ic
H
F˜ = Ric
H
F .
(2) the conformal factor ϕ is everywhere non-constant in a neighborhoodU of a
point x ∈ M if (M,ϕ−1F ) has the form
(
(0, ε)×

M,
√
t2 + (ϕ′(t))2

F
2)
,
with ϕ depending only on t ∈ (0, ε).
References 11
Remark 4.9. The last corollary is a particular case of the Theorem 4.7.
5. EXAMPLE
Let ϕ : (0, pi) −→ (0,∞) be aC∞ map such that ϕ(t) = cost+cwith c ∈ (1,∞)
and, S3 and S2 the unit spheres. Consider the warped productM = (0, pi)×ϕ′S
2 and
the map i : (M,F ) −→ (S3, F0) defined by i(t, z
1, z2) = (cost, z1sint, z2sint).
We can show that i is a diffeomorphism and a local isometry. For y = (y1, y2, y3) ∈
S3 and z = (z1, z2) ∈ S2, we have y = (cost, z1sint, z2sint). Then, dy
1 = −sintdt
dy2 = z1costdt+ sintdz1
dy3 = z2costdt+ sintdz2.
The fundamental tensor associated with F0 is
g0(y) = δijdy
idyj, with i, j = 1, 2, 3
= sin2tdt2 + (z1)2cos2tdt2 + sin2tdz1
2
+ 2z1costsintdtdz1
+(z2)2cos2tdt2 + sin2tdz2
2
+ 2z1costsintdtdz2
= sin2tdt2 +
(
(z1)2 + (z2)2
)
cos2tdt2
+sin2t
(
dz1
2
+ dz1
2)
+ 2costsintdt
(
z1dz1 + z2dz2
)
= dt2 + sin2t(dz1
2
+ dz2
2
).
Hence, by the formula (4.8), F0(y) =
√
t2 + sin2t

F
2
where

F is the Finslerian
metric on S2.
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